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Kraichnan seminal ideas on inverse cascades yielded new tools to study common phenomena in
geophysical turbulent flows. In the atmosphere and the oceans, rotation and stratification result in a
flow that can be approximated as two-dimensional at very large scales, but which requires considering
three-dimensional effects to fully describe turbulent transport processes and non-linear phenomena.
Motions can thus be classified into two classes: fast modes consisting of inertia-gravity waves, and
slow quasi-geostrophic modes for which the Coriolis force and horizontal pressure gradients are
close to balance. In this paper we review previous results on the strength of the inverse cascade in
rotating and stratified flows, and then present new results on the effect of varying the strength of
rotation and stratification (measured by the inverse Prandtl ratio N/f , of the Coriolis frequency
to the Brunt-Va¨isa¨la frequency) on the amplitude of the waves and on the flow quasi-geostrophic
behavior. We show that the inverse cascade is more efficient in the range of N/f for which resonant
triads do not exist, 1/2 ≤ N/f ≤ 2. We then use the spatio-temporal spectrum to show that in this
range slow modes dominate the dynamics, while the strength of the waves (and their relevance in
the flow dynamics) is weaker.
I. INTRODUCTION
Kraichnan landmark paper on inverse cascades in two-
dimensional (2D) turbulence [1] has been the stepping
stone for a substantial fraction of the research carried
out in geophysical turbulence in the last 50 years. Be-
sides introducing the concept of a range of scales in which
energy can flow with constant flux from smaller to larger
scales, it presented a vision of turbulent flows which was
vastly different to that of the disorganized flow often as-
sociated with three-dimensional (3D) Kolmogorov turbu-
lence. The inverse energy cascade allows interpretation of
phenomena in geophysical and astrophysical flows that is
at odds with the picture of turbulence of Richardson and
Kolmogorov. However, as Montgomery and Kraichnan
wrote in the concluding remarks of their famous review
[2], “great caution must be used when interpreting phe-
nomena of the real world in terms of asymptotic solutions
of approximate statistical treatments of idealised theory.”
But Kraichnan and Montgomery went beyond this warn-
ing, also suggesting that the idealized 2D system may
find its largest relevance in providing a language for dis-
cussion of common phenomena observed in geophysics.
Indeed, the language and tools developed in the study
of inverse cascades have found applications in a large va-
riety of systems. The occurrence of inverse cascades can
be explained using statistical mechanics in inviscid trun-
cated systems [1, 2]: when the system has two or more
quadratic conserved quantities, the solutions are not just
a thermal equilibrium between all modes, which leads
to the accumulation of the conserved quantities at small
scales. Instead, other solutions can develop involving the
accumulation of one of the conserved quantities at large
scales. Moreover, this behavior is preserved in forced and
dissipative cases. To alleviate the concerns of the authors
of Ref. [2], the increase in computing power and the im-
provement in experimental methods and in situ measure-
ments allowed researchers to confirm these predictions,
and to consider flows in geometries or in the presence of
external forces that permitted the study of turbulence in
setups that are closer to the real world. The predictions
for the two-dimensional hydrodynamic case have been
verified in experiments and in high-resolution numerical
simulations [3–8]. Inverse cascades are by now known to
also take place in conducting fluids and plasmas [9–14],
with important consequences in space physics and astro-
physics [15]. In atmospheric sciences, the inverse cascade
plays a fundamental role in the study of predictability
[16–19]. And also in atmospheric sciences, an inverse
cascade of energy is known to take place in the quasi-
geostrophic (QG) equations [20–23], which describe the
large-scale dynamics of atmospheric and oceanic flows.
In this case, the joint conservation of energy and of po-
tential enstrophy is responsible for the inverse cascade
which has been also verified numerically [24].
The atmosphere is a rotating and stratified flow with
very large aspect ratio. While typical horizontal scales
can be of the order of a thousand kilometers, in the ver-
tical direction the typical height of the troposphere is
≈ 10 km. These features result in a flow that can be ap-
proximated as a 2D flow at very large scales, but which
requires considering 3D rotating and stratified flows to
describe in detail small scale turbulent transport pro-
cesses and non-linear phenomena. Compared with homo-
geneous and isotropic turbulence (HIT), buoyancy forces
2associated with density gradients and the inertial Cori-
olis force associated with the rotation of the Earth pro-
vide the necessary restitutive forces to allow excitation
of dispersive waves. Thus, geophysical flows are often in
a highly turbulent state comprised of non-linearly inter-
acting eddies and waves. These motions can be classified
into two classes: on the one hand, 3D modes consisting of
inertia-gravity waves evolving on a fast time scale, and on
the other hand, large-scale QG modes which evolve in a
slow time scale, and for which the Coriolis force and hori-
zontal pressure gradients are close to balance. This is the
case when gravity and the rotation vector are aligned, as
it is the case to a good extent, e.g., in thin atmospheres
such as the Earth’s under the f -plane approximation.
In this work we will thus consider that gravity and the
rotation vector point in the same direction. Other geo-
physical flows, such as deep atmospheres or planetary
cores, require considering gravity and rotation pointing
in different directions.
The influence of rotation and stratification in the dy-
namics of the atmosphere and the oceans also varies de-
pending on the scale studied. At the largest geophysi-
cal scales, both rotation and stratification are significant,
and the QG regime is expected to be dominant. In the
range O(800-2500) km it has been observed that the at-
mospheric energy spectrum scales as E(k) ∼ k−3 [25],
a power law consistent with the classical QG theory of
Charney [20]. As smaller scales are considered, the in-
fluence of these restitutive forces on the system dynam-
ics decreases. Following the classical view, as the scale
of interest is decreased, the importance of rotation de-
creases faster than that of stratification. At atmospheric
mesoscales (horizontal scales of O(1-100) km), and in the
submesoscale ocean (O(10) m to O(10) km), motions are
characterized by a strong stratification with moderate
rotation (with Rossby number Ro ≈ 1, see [26]). At
these scales, the energy spectrum scales approximately
as E(k) ∼ k−5/3 [25, 27, 28]. While in the atmosphere
the origin of this scaling is still unclear [29], in the ocean
some evidence of an inverse cascade of energy has been
found (see, e.g., [30] for a study of an inverse energy cas-
cade from observations in the South Pacific, and [31] for
numerical simulations of an inverse energy cascade in the
North Atlantic). In the atmosphere it was suggested that
this scaling can be the result of a 2D inverse cascade fed
by convective instabilities [21, 32]. The possible coexis-
tence (without significant distorsions) of a direct cascade
range with E(k) ∼ k−3 fed by large scale instabilities,
and of an inverse cascade range with E(k) ∼ k−5/3 fed
by instabilities at small scales, was predicted before in
[33, 34]. However, a E(k) ∼ k−5/3 scaling can also be ob-
served in the direct cascade range of rotating and strati-
fied turbulence, and recent atmospheric observations also
seem to point to a direct cascade process [35, 36].
In fact, there is growing evidence from numerical sim-
ulations that there is a large variety of turbulent regimes
depending on whether geostrophic balance is broken or
not, on whether QG modes dominate over wave modes or
not, and on how energy is introduced in the system [37–
43]. A recent re-analysis of oceanic data, and theoreti-
cal developments in wave turbulence theory, also indicate
that there is a variety of regimes depending on whether
waves or eddies dominate [44]. Finally, the interactions
between eddies, winds and waves in the atmosphere and
the oceans have dynamical consequences for the trans-
port and mixing of momentum, CO2, and heat [45, 46].
Thus, it is very important to understand the interactions
between all modes in the system, and to properly charac-
terize the different regimes that exist in parameter space.
In the particular case of the inverse cascade range, and
when considering both rotation and stratification, several
phenomena can compete resulting in different regimes.
While in many simulations with large scale forcing in-
verse cascades were not observed [35, 47–52], inverse cas-
cades were reported to happen in the presence of large
scale forcing when the forcing can excite an instability,
as is the case of tidal forces exciting an elliptical instabil-
ity studied in [53, 54]. With small scale forcing conclu-
sions are somewhat contradictory, and differ depending
on whether weak rotation, weak stratification, or rota-
tion and stratification of comparable strength are consid-
ered. When rotation and stratification are of compara-
ble strength, inverse cascades were reported [55–57], and
were associated with the dynamics of QG modes in the
system. In purely rotating systems energy can cascade
both to the large and to the small scales [58, 59], with the
inverse cascade being associated with the 2Dmodes of the
system. For this case different scaling laws in the inverse
cascade range were also reported depending on how the
flow is stirred [41]. Finally, for negligible or no rotation,
although an increase of energy and of the integral vertical
length scale was reported in simulations [37, 38], Waite
and Bartello [39, 40] conclude against the presence of an
inverse cascade using an argument based on statistical
mechanics, similar to the one used by Kraichnan to pre-
dict the inverse cascade in 2D flows. More recently [60]
showed, using a detailed analysis of anisotropic fluxes,
that the growth of vertical length scales in this system
is the result of highly anisotropic energy transfers asso-
ciated with the formation of vertically sheared horizontal
winds (VSHW, see [37]).
The transition between these inverse cascade regimes
was believed to vary monotonically with the inverse
Prandtl ratio N/f , a ratio measuring the strength of
stratification to rotation, where N is the Brunt-Va¨isa¨la
frequency and f is the Coriolis frequency (this param-
eter, and its inverse, the Prandtl ratio f/N , is named
here following [61, 62], and it should not be confused
with the Prandtl number Pr = ν/κ which measures the
ratio of kinematic viscosity to thermal diffusivity). In-
deed, theoretical arguments suggest that the ratio of en-
ergy in horizontal, vertical, and QG modes is governed
by this ratio [63] (see also [55, 56] for numerical studies),
and this ratio is also known to affect the large-scale bal-
ance in geophysical turbulence, with balance prevailing
for N/f & 1 [62]. Several studies showed that for fixed
3rotation, increasing the stratification slows down the in-
verse cascade (at least forN/f ≥ 1). However, in a recent
study [64] it was shown that the inverse cascade growth
speed (obtained either from the time derivative of the
total energy, or of the energy at the smallest wavenum-
ber k = 1) is non-monotonic in N/f , with a behavior
for N/f < 2 different from the one found for N/f ≥ 2
for which the result of monotonic decrease of the inverse
cascade rate with increasing N/f is recovered. In this
study it was also found that a moderate level of strati-
fication (in the sense that 1/2 ≤ N/f ≤ 2) produces a
faster growth of energy at large scale than in the purely
rotating case. Although linear theories predicted a dif-
ferent behavior [63], the non-monotonicity on N/f could
be expected from the theory of non-linear resonant inter-
actions in wave turbulence [40, 65–69]. It is important to
note here that although atmospheric flows typically have
an inverse Prandtl ratio N/f of 102 (or equivalently, a
Prandtl ratio f/N of 10−2, see [61, 62]), some flows in
the ocean at mid latitude can have N/f of order unity
[70].
The relevance (or not) of the wave modes in these flows
can be understood from results in the theory of reso-
nant waves. With sufficient rotation and stratification,
non-linear interactions between triads of wave modes are
expected to become the predominant mechanism of en-
ergy transfer. Resonant wave theory predicts that given
three modes with wave vectors k, p, and q, these can
interact and transfer energy between themselves if the
wave vectors form a triangle with k = p + q, and if
the modes are also resonant, i.e., if their frequencies sat-
isfy ω(k) = ω(p) + ω(q) [65, 67]. While this theory ex-
plains the development of anisotropy and the tendency
towards two-dimensionalization of some flows (necessary
for the development of inverse cascades), it fails to ex-
plain how energy reaches the slow modes which seem to
be the dominant modes in the inverse cascade dynam-
ics [67]. Interestingly, the relevance of these interactions
is non-monotonic with increasing rotation and stratifica-
tion. In the case of rotating and stratified flows, there
is a range of parameters 1/2 ≤ N/f ≤ 2 for which all
resonances are cancelled out. Outside this region, the
resonant triads that arise with N/f < 1/2 tend to two-
dimensionalize the flow, forming vertical structures in the
shape of columns, while the resonant triads arising for
N/f > 2 tend to unidimensionalize the flow, forming
structures in the shape of pancakes (although a stratified
flow could be visualized as a superposition of 2D layers,
dynamically the strongest gradients develop in the verti-
cal direction with very weak horizontal gradients). Thus
inverse cascades can be expected to be stronger in the for-
mer case. In between, when resonant interactions are not
present and QG modes can be expected to be dominant,
Charney [20] argues that turbulence should be isotropic
in the rescaled vertical coordinate (N/f)z, implying that
the quotient between horizontal and vertical scales should
grow linearly with N/f . The non-monotonic behavior of
resonant triads with N/f can therefore be expected to
play a role in the development of inverse cascades.
In this paper we first review previous results on the
strength of the inverse cascade in rotating and stratified
flows, and then present new results on the effect of vary-
ing the strength of rotation and stratification (measured
by the ratio N/f) on the amplitude of the waves and on
the QG behavior of the flow. We use the spatio-temporal
spectrum, and characterization of the flow temporal and
spatial scales, to show that in the range 1/2 ≤ N/f ≤ 2
QG modes dominate the dynamics, while the strength of
the waves is weaker. The structure of the remaining of
the paper is as follows. Section II introduces the Boussi-
nesq approximation, discusses the role of linear solutions
of the equations and of the resonant triads, and shows
that resonant triads do not exist for 1/2 ≤ N/f ≤ 2.
Then, in Sec. III we review previous results on inverse
cascades in rotating and stratified flows. We consider
the purely rotating case, the purely stably stratified case,
and parametric studies of rotating and stratified flows as
a function of N/f . Sections IV and V then present new
results. In Sec. IV we present a parametric study us-
ing several simulations at moderate spatial resolution,
and show that simulations in the range 1/2 ≤ N/f ≤ 2
are compatible with some predictions from QG theory.
Then, in Sec. V we use the spatio-temporal spectrum to
quantify the strength of the waves and of QG modes,
and explicitly show that waves are less relevant in the
same range of N/f . Finally, in Sec. VI we present the
conclusions.
II. THE BOUSSINESQ APPROXIMATION
A. The equations
The dynamics of a stably stratified incompressible fluid
subjected to background rotation can be described, under
the Boussinesq approximation, by the momentum equa-
tion for the velocity u, and an equation for the temper-
ature fluctuations θ,
∂tu+ω × u+ 2Ω× u = −∇P −Nθzˆ +F+ ν∇2u, (1)
∂θ
∂t
+ u · ∇θ = Nu · zˆ + κ∇2θ, (2)
together with the incompressibility condition,
∇ · u = 0. (3)
Here gravity points in the zˆ direction, and for simplicity
we will also consider the rotation axis in the same direc-
tion, so that Ω = Ωzˆ where Ω is the rotation frequency
and f = 2Ω the Coriolis frequency. In Eq. (1) N is the
Brunt-Va¨isa¨la¨ frequency, ω = ∇ × u is the vorticity, F
is an external mechanical forcing, P is the total pressure
per unit of mass (including the centrifugal acceleration
and the background hydrostatic pressure), and ν is the
4kinematic viscosity. In Eq. (2) κ is the thermal diffusivity
(in the following equal to the kinematic viscosity, κ = ν,
so the Prandtl number is Pr = 1).
Three dimensionless numbers play an important role to
characterize the different regimes in the system. These
are the Reynolds, Rossby, and Froude numbers
Re =
UL
ν
, Ro =
U
fL
, Fr =
U
NL
(4)
where U is the r.m.s. velocity and L the flow integral
scale (as in flows with inverse cascades U will be quasi-
stationary at best, unless explicitly noted we will con-
sider U as the steady-state r.m.s. velocity at the forced
scale). While the Reynolds number measures the ratio of
inertial to viscous accelerations in the flow, the Rossby
and Froude numbers are respectively inverse measures of
the relevance of rotation and of stratification. The in-
verse Prandtl ratio N/f can be written in terms of these
numbers as N/f = Ro/Fr [61, 62]. Other dimension-
less numbers are known to play important roles (e.g., the
buoyancy Reynolds number Rb = ReFr
2 [45, 47, 50, 71]),
as well as the wave numbers at which rotation [72, 73]
or stratification [51, 74] become negligible. The former
is the Zeman wavenumber
kΩ =
√
f3
ǫ
, (5)
at which the period of inertial waves is the same as the
eddy turnover time, and thus isotropy is expected to be
recovered in a purely rotating flow. The latter is the
Ozmidov wavenumber
kOz =
√
N3
ǫ
, (6)
at which the period of gravity waves is the same as the
eddy turnover time, and thus isotropy is expected to be
recovered in a purely stratified flow. In both cases, ǫ is
the energy injection rate (which in our case is equal to
the kinetic energy injection rate ǫV = 〈u · F〉, as we only
force the momentum equation).
When the Reynolds number is large enough the system
is in a turbulent state. But even at very large Reynolds
numbers, for Fr and Ro small enough, waves are present
that affect the turbulent scaling and transport. Thus
this system of equations has been extensively studied in
numerical simulations as a way to gain a better under-
standing of atmospheric turbulence in a simplified set
up. As mentioned in the introduction, in the atmospheric
mesoscales (where the stratification dominates above the
rotation, but the dominant regime is quasi-geostrophic
and not dominated by inertia-gravity waves), a spectrum
of energy compatible with the power law E(k) ∼ k−3 has
been reported. However, a spectrum E(k) ∼ k−5/3 has
also been observed (see, e.g., [75]), and numerical simu-
lations of Eqs. (1)-(3) have generated results consistent
with this power law in the presence of instabilities and
small-scale overturning [35, 76]. Moreover, when over-
turning is suppressed by dissipation, the spectrum in the
(a)
(b)
FIG. 1: (Color online) (a) Vertical velocity in a 15363 simula-
tion of rotating turbulence [59]. Note the presence of column-
like structures. (b) Temperature fluctuations in a 10243 simu-
lation of rotating and stratified turbulence with N/f = 2 [64].
Note the formation of slanted layers, with an angle related to
the ratio N/f . In the purely stratified case, the layers are
horizontal.
simulations becomes steeper. The asymptotic dynamics
of this system in the limit of strongly rotating flows gen-
erates column-like structures [65], while in the limit of
strongly stratified vortical motions it seems to consist of
quasi-horizontal fluid layers partially decoupled between
themselves [77] (see Fig. 1). While in the rotating case
the direct cascade spectrum of Eqs. (1)-(3) seems to scale
as E(k) ∼ k−2 [25, 59, 65, 69], Billant and Chomaz [78]
argue that in the purely stratified case the vertical char-
acteristic scale Lz scales as U/N , thus suggesting that
the vertical energy spectrum should follow a power law
5E(kz) ∼ N2k−3z . This behavior was confirmed in numer-
ical simulations [35, 43, 74], where it was also observed
that in the purely stratified case the parallel spectrum
E(kz) is flat for wave numbers smaller than kz ∼ N/U
[39, 58, 74]. As the parallel spectrum dominates over the
perpendicular when stratification is sufficiently strong,
the isotropic spectrum also follows a law E(k) ∼ k−3
in the purely stratified case. In the following sections
we introduce a decomposition of the flow into slow and
fast modes, and the argument of resonant triads, that
allow interpretation of some of these results in the direct
cascade range, to later consider the case of the inverse
cascade.
B. Linear modes
In the inviscid and diffusion free limit and in the ab-
sence of external forces (ν = κ = f = 0), the Boussinesq
equations conserve the potential vorticity
D
Dt
(ωa · ∇θ) = 0, (7)
where ωa is the absolute (total) vorticity in the labo-
ratory frame, ωa = ω + 2Ω. When rotation and the
Brunt-Va¨isa¨la frequencies are homogeneous, except for a
multiplying prefactor and a constant term, the potential
vorticity can be written as
P.V. = f
∂θ
∂z
−Nωz + ω · ∇θ. (8)
The conservation of potential vorticity imposes strong
constraints on the flow. As a result, solutions to the
Boussinesq equations are often decomposed into two
groups of modes: inertia-gravity waves with non-zero
frequency and zero potential vorticity (also called “fast”
modes), and modes with zero frequency and non-zero po-
tential vorticity (also called “slow” modes). By replacing
solutions
(u, θ) = ψ(k)ei(k·x+ωt), (9)
in the linearized Boussinesq equations, three modes per
wave vector k can be identified. The two modes with
non-zero frequency have dispersion relation [26]
ω(k) = ±
√
f2k2‖ +N
2k2⊥
k
, (10)
where the directions parallel and perpendicular are taken
with respect to the direction of gravity and of the rotation
axis, i.e., k‖ = kz, k⊥ = (k
2
x + k
2
y)
1/2, and k = |k|. The
group velocity for these modes is
c =
f2 −N2
ωk4
[k× (k‖zˆ × k)], (11)
and for f = N it can be expected that the role of
the waves in the flow dynamics should be less relevant.
Also, note that for f = 0 (the purely stratified case)
Eq. (10) reduces to the dispersion relation of internal
gravity waves (with the modes with k⊥ = 0 correspond-
ing to the VSHW [37], which have zero frequency and
are thus “slow”). And in the case with N = 0 (purely
rotating flow), the dispersion relation reduces to that of
inertial waves (with the slow modes corresponding to 2D
modes with k‖ = 0).
In the non-linear case, the fields in Fourier space can be
expanded in terms of these three modes [26, 67, 79–83],
(uk, θk) = a
+(k, t)ψ+(k)eiωt + a−(k, t)ψ−(k)e−iωt
+ a0(k, t)ψ0(k), (12)
where a(α)(k, t) (with α = +, −, 0 labeling the three
modes) are slowly evolving amplitudes.
C. Resonant triads
Fourier transforming the Boussinesq equation, and us-
ing the decomposition in Eq. (12), the following equation
is obtained [67, 79, 80]
da
(α)
k
dt
=
∑
k=p+q
Cαβγkpqa
(β)
p a
(γ)
q e
i
(
ω(β)p +ω
(γ)
q −ω
(α)
k
)
+ F
(α)
k −D(α)k , (13)
where Cαβγkpq is a coupling coefficient between modes, F
(α)
k
is the energy injection at wavenumber k, and D
(α)
k is the
dissipation. The first term on the r.h.s. of this equation
corresponds to the non-linear triadic interactions. As
nonlinearities in the Boussinesq equations are quadratic,
modes are coupled with triads that can exchange energy
between themselves while conserving the total energy.
The convolution theorem (when the quadratic terms are
Fourier transformed) imposes the well known triadic con-
dition
k = p+ q. (14)
But the presence of waves imposes an extra condition.
Integrating Eq. (13) in one period of the waves, the first
term on the r.h.s. of the equation vanishes except when
ω
(α)
k = ω
(β)
p + ω
(γ)
q , (15)
which is the so-called resonant triad condition, and se-
lects only the triads with constructive interference be-
tween the non-linearly interacting waves.
Waleffe describes the triadic interactions exhaustively
for homogeneous turbulence in [66], and the resonant tri-
adic interactions for rapidly rotating flows in [67], where
he presents an argument for the two-dimensionalization
of rotating flows. His “instability assumption” states that
the statistical direction of the energy transfer is deter-
mined by the stability of the corresponding elemental
6triadic interaction. In practice, this results in a pref-
erential transfer of energy towards the modes with zero
frequency, although wave turbulence theories cannot ex-
plain how energy ultimately reaches these modes [84, 85]
(as shown in [86], near-resonances are needed to explain
the efficient transfer of energy to these modes, while non-
resonant interactions act reducing this net energy trans-
fer). In spite of these limitations, the argument is suc-
cesful in explaining how anisotropy develops. As men-
tioned in Sec. II B, for purely rotating flows Eq. (10) re-
duces to ω(k) = ±fk‖/k, which is the dispersion relation
of inertial waves. Energy is then transferred preferen-
tially towards modes with k‖ ≈ 0, which correspond to
the 2D modes, and if the energy can reach those modes
it can be expected to suffer an inverse cascade towards
large scales. In purely stratified flows Eq. (10) reduces to
ω(k) = ±Nk⊥/k (internal gravity waves), and energy
then is transferred preferentially towards modes with
k⊥ ≈ 0, i.e., to modes with vertical shear. In the for-
mer case this explains the formation of structures with
small vertical gradients (columns, see Fig. 1), while in
the latter case it explains the formation of pancake-like
structures (see also Fig. 1).
D. Characteristic time scales
In wave turbulence the presence of multiple time scales
does not allow for direct estimation of scaling laws in the
inertial range as is often done in Kolmogorov theory of
turbulence. While in HIT there is only one time scale in
the inertial range (the eddy turnover time), in the pres-
ence of waves this time scale coexists with the period of
the waves, precluding the construction of a unique time
scale on dimensional grounds. While in weak wave tur-
bulence regimes this problem can be circumvented (see,
e.g., [87]), in the strong turbulent case the problem per-
sists. Interestingly, one of the first advances towards the
construction of phenomenological theories for this kind
of systems was also done by Kraichnan, who put forward
a theory for the interaction of eddies and Alfve´n waves
in magnetohydrodynamic turbulence [88].
Thus, it is important to identify the different time
scales relevant in our problem. The decomposition in-
troduced in Sec. II B is useful to this end. The first time
scale will naturally be proportional to the wave period
τw(k) =
Cw
ω(k)
=
Cwk√
f2k2‖ +N
2k2⊥
, (16)
where Cw is be a dimensionless constant of O(1) which
can be obtained directly from the auto-correlation func-
tion of the Fourier modes of the velocity and temperature
fields (see [89]).
From Eq. (13) it is to be expected that the fastest time
dominates the flow dynamics and the energy transfer.
However, although for small enough Ro and Fr the waves
are expected to be fast, the period of the waves is not
homogeneous in Fourier space as it depends (only) on the
direction of k. Thus, different regions of Fourier space
can be dominated by different time scales depending on
what mode is the fastest. The period of the waves must
then be compared with the eddy turnover time
τnl(k) =
Cnl
k
√
kE(k)
, (17)
where Cnl is another dimensionless constant of O(1). In
principle τnl depends on the amplitude of k and on its
direction in Fourier space, i.e., τnl(k), since the energy
spectrum in these systems is anisotropic. But for sim-
plicity we will use here the isotropic energy spectrum
E(k) to estimate the non-linear time. The condition
τnl(k) = τw(k) for either N = 0 or f = 0 yields respec-
tively the Zeman and Ozmidov wave numbers defined in
Eqs. (5) and (6). For larger wave numbers, the role of the
waves in the non-linear energy transfer can be expected
to be negligible.
The last relevant time scale is that of the sweeping
of the small eddies by the large scale flow, which be-
comes the dominant Eulerian decorrelation mechanism as
soon as its characteristic time scale becomes the fastest
of the three (this often happens at wave numbers smaller
than the Zeman and Ozmidov wave numbers, see [46, 89];
Kraichnan played an important role in highlighting the
relevance of this time scale in the case of isotropic and ho-
mogeneous turbulence [90]). The time to sweep an eddy
of size ∼ 1/k by a large scale flow with amplitude U is
simply
τsw(k) =
Csw
Uk
, (18)
where Csw is another dimensionless constant ofO(1) that
can be determined from the data. These time scales will
be very important in the following sections.
Using combinations of these time scales, phenomeno-
logical theories for the direct cascade spectrum can be
also constructed, following the ideas of Kraichnan [88].
These phenomenological arguments yield spectra com-
patible with the scaling laws ∼ k−2 and ∼ k−3 dis-
cussed in the introduction and in Sec. II A, for solutions of
Eqs. (1)-(3), depending on the strength of rotation and
stratification considered. For more details see [78, 91–
93]. These time scales, and the results presented in the
next two subsections, will be important to elucidate the
results of the spatio-temporal analysis in Sec. V.
E. Non-resonant range
It can be shown that in the range 1/2 ≤ N/f ≤ 2 there
are no resonant triadic interactions, and therefore all tri-
adic interactions must be near-resonant or non-resonant.
In this section we summarize the argument given in [37].
As discussed in Sec. II C, non-linear interaction of inertia-
gravity waves require that the interacting modes k, p,
7and q form a triangle, and that the sum of their frequen-
cies give constructive interference. If N = f , it is then
trivial to see from Eq. (10) that ω(k) = ±N for all k,
and then
ω(p) + ω(q)− ω(k) = ±N,±2N, or± 3N. (19)
Therefore, the sum of the three frequencies cannot be
zero and the condition given by Eq. (15) cannot be ful-
filled. Thus, resonant triads do not exist in this case.
In the most general case, Eq. (10) implies that
min{|ω(k)|} = min{N, f}, (20)
max{|ω(k)|} = max{N, f}. (21)
Assuming without loss of generality ω(k), ω(p), ω(q) ≥
0, to satisfy Eq. (15) we need 2min{N, f} < max{N, f}.
When max{N, f} = N , we then need N/f > 2. When
max{N, f} = f , thenN/f < 1/2. In these cases there are
triads which can satisfy the resonant condition. However,
in the range
1
2
≤ N
f
≤ 2, (22)
there is again no triad that can be resonant. Only near-
resonances and non-resonant triads are then left to trans-
fer energy between scales.
It is now clear that this range separates two regimes
with different behavior. It is expected that outside this
range, but in its vicinity, very few resonant triads should
be available (thus, resonant triads should play a more rel-
evant role for N/f ≪ 1/2 or N/f ≫ 2). For N/f < 1/2,
the first resonant triads that arise (as N/f is decreased)
consist of a vertical mode (0, 0, k‖) and of two quasi-
horizontal modes p, q with p⊥ = q⊥ ≫ |k‖|, |p‖|, |q‖|.
Waleffe’s instability assumption then suggests that en-
ergy should go from the vertical mode to the perpen-
dicular (slow) modes. Similarly, for N/f > 2, the first
resonant triads that appear as N/f is increased consist
of a horizontal mode and two quasi-vertical modes. In
this case, the transfer should be expected to occur from
the horizontal modes to the quasi-vertical (slow) modes.
As with the arguments in Sec. II C, these arguments sug-
gest that the resonant triads for N/f < 1/2 tend to bi-
dimensionalize the flow (i.e., to make horizontal gradients
much larger than vertical gradients, as energy is prefer-
entially transferred towards modes with k⊥ ≫ k‖). On
the contrary, the resonant triads for N/f > 2 tend to
unidimensionalize the flow (i.e., to make vertical gradi-
ents much larger than horizontal gradients, or k‖ ≫ k⊥).
An illustration of this can be seen in Fig. 1, which shows
column-like structures in the vertical velocity in a simu-
lation with pure rotation, and pancake-like structures in
a simulation with rotation and stratification.
F. Quasi-geostrophic equation
Simulations in the range 1/2 ≤ N/f ≤ 2 show that
at scales larger than the forced scales QG modes domi-
nate the dynamics [58], in agreement with the theoretical
prediction that resonant triads are not available in this
region of parameter space. As in other limits of geophys-
ical flows, this can be used to derive a reduced system
of equations. Although the QG approximation is often
derived in the limit of very small Froude number and
moderate rotation (of interest in atmospheric sciences),
Smith and Waleffe [37, 58] showed that the QG equations
can be also obtained for moderate values of N/f , which
can be of interest for some oceanographic applications.
Here we briefly summarize their derivation.
If only modes with zero frequency are excited, in the
inviscid and unforced case Eq. (13) can be written as
da0k
dt
=
∑
k=p+q
Ckpqa
0
pa
0
q, (23)
where [37]
Ckpq ≡ C000kpq = (24)
iN(p× q) · zˆ
[
f2(q2‖ − p2‖) +N2(q2⊥ − p2⊥)
]
[
(f2k2‖ +N
2k2⊥)(f
2p2‖ +N
2p2⊥)(f
2q2‖ +N
2q2⊥)
]1/2 .
The triadic condition in Eq. (14) implies that (p×q)· zˆ =
(q × k) · zˆ = (k × q) · zˆ, that is, that the Ckpq coupling
coefficients are cyclic permutations of the wave vectors
multiplied by f2(q2‖ − p2‖) +N2(q2⊥− p2⊥). It then follows
that
Ckpq + Cpqk + Cqpk = 0, (25)
and
(f2k2‖ +N
2k2⊥)Ckpq + (f
2p2‖ +N
2p2⊥)Cpqk +
(f2q2‖ +N
2q2⊥)Cqpk = 0, (26)
which convey two conservation laws as discussed below.
Taking ψk = −Na0k/(kωk), and Fourier transforming
Eq. (23) into real space, we obtain(
∂
∂t
+ v · ∇
)(
∇2⊥ +
f2
N2
∂2
∂z2
)
ψ(x, t) = 0, (27)
where ∇2⊥ = ∂2x + ∂2y , v = zˆ ×∇ψ, and θ = −(f/N)∂zψ.
This is the quasi-geostrophic equation, which conserves
two quadratic invariants: the total energy
E =
1
2
〈
|∇⊥ψ|2 + f
2
N2
(
∂ψ
∂z
)2〉
, (28)
with ∇⊥ = ∂xxˆ+ ∂y yˆ, and the potential enstrophy
F =
1
2
〈(
∇2⊥ψ +
f2
N2
∂2ψ
∂z2
)2〉
. (29)
As in the 2D case studied by Kraichnan [1], the existence
of two invariants in this case also allows for the develop-
ment of an inverse cascade of energy [20, 21, 24]. This
8result will be important in the following sections, as we
will see that in the range 1/2 ≤ N/f ≤ 2, rotating and
stratified turbulence can develop a very efficient inverse
cascade of energy, with a prevalence of slow modes satis-
fying QG scaling.
III. INVERSE CASCADES
To discuss previous results in inverse cascades, and to
analyze the new results in this paper, we will use isotropic
and anisotropic spectra and fluxes. We thus begin by
defining the isotropic kinetic energy spectrum, which is
computed in numerical simulations as
EV (k) =
1
2
∑
k≤|k|<k+1
|u(k)|2, (30)
i.e., as the energy in spherical shells of width ∆k = 1 in
Fourier space. An equivalent definition is obtained for
the power spectrum of temperature fluctuations EP (k)
(sometimes also called the potential energy spectrum) re-
placing |u(k)|2 by |θ(k)|2, and the total energy spectrum
is then simply constructed as E(k) = EV (k) + EP (k).
The kinetic energy spectrum can be further decomposed
into the kinetic energy in horizontal fluctuations and in
vertical fluctuations, EV (k) = E⊥(k) + Ez(k), where
E⊥(k) is the energy in the x and y components of the
velocity field, and Ez(k) is the energy in uz.
As the flows we consider are anisotropic, it is useful to
define the axisymmetric kinetic energy spectrum
eV (k⊥, k‖) =
1
2
∑
k⊥≤|k×zˆ|<k⊥+1
k‖≤kz<k‖+1
|u(k)|2, (31)
The axisymmetric kinetic energy spectrum in Eq. (31)
is such that the total kinetic energy in 2D modes is
E2D =
∑
k⊥
eV (k⊥, k‖ = 0). As a result, we will re-
fer to eV (k⊥, k‖ = 0) as the kinetic energy spectrum of
the 2D modes. As for the isotropic spectra, we can de-
compose the axisymmetric kinetic energy spectrum into
eV (k⊥, k‖) = e⊥(k⊥, k‖) + ez(k⊥, k‖), and we can write
the axisymmetric total energy spectrum as e(k⊥, k‖) =
eV (k⊥, k‖) + eP (k⊥, k‖). Note in Eqs. (30) and (31) we
use sums as we are considering the discrete Fourier trans-
form for a triple 2π-periodic spatial domain. In the most
general case these sums are replaced by integrals.
To quantify energy scaling in the parallel and per-
pendicular directions, reduced perpendicular and parallel
spectra can then be defined from the axisymmetric en-
ergy spectrum as, e.g., for the total energies:
E(k⊥) =
∑
k‖
e(k⊥, k‖), (32)
and
E(k‖) =
∑
k⊥
e(k⊥, k‖). (33)
Identification of inverse cascades requires not only the
study of the growth of energy in these spectra for small
wave numbers, but also quantification of negative flux of
energy in a range of wave numbers. To this end we can
define anisotropic transfer functions associated with each
energy spectra E(k), E(k⊥), and E(k‖) respectively as
T (k) = −
∑
k≤|k|<k+1
t(k), (34)
T (k⊥) = −
∑
k⊥≤|k×zˆ|<k⊥+1
t(k), (35)
T (k‖) = −
∑
k‖≤kz<k‖
t(k), (36)
where t(k) = u⋆(k)· ̂(u · ∇u)+θ⋆(k) ̂(u · ∇θ)+c.c., where
⋆ and c.c. denotes complex conjugate, and the superscript̂ denotes the Fourier transform. From these functions
anisotropic fluxes are then defined as follows:
Π(k) = −
k∑
k′=0
T (k′), (37)
Π(k⊥) = −
k⊥∑
k′⊥=0
T (k′⊥), (38)
Π(k‖) = −
k‖∑
k′
‖
=0
T (k′‖). (39)
These fluxes measure energy per unit of time that goes in
Fourier space respectively across spheres with radius k,
across cylinders with radius k⊥, and across planes with
height k‖ = constant.
A. Rotating case
In the purely rotating case with moderate Rossby num-
ber, the preferential transfer of energy towards 2D modes
results in the development of an inverse cascade which
shares some similarities with the inverse cascade origi-
nally proposed by Kraichnan. By now evidence of this
inverse cascade has been found in numerical simulations
in finite domains [41] and in experiments [94]. There is
still a controversy of whether this inverse cascade can
take place in infinite domains and for very small Rossby
numbers, for more details see, e.g., Ref. [95].
An interesting property of the inverse cascade of en-
ergy in this case is that changes in the forcing function
or in the dominant time scale can generate large differ-
ences in the scaling of the energy spectrum (see [41]). In
9particular, the anisotropy of the forcing seems to play an
important role in setting the shape of the inverse cascade
energy spectrum. As an illustration, Fig. 2 shows the re-
duced perpendicular spectrum E(k⊥) and the horizontal
kinetic energy spectrum of 2D modes e⊥(k⊥, k‖ = 0) for
two simulations of rotating turbulence forced at small
scales.
The two simulations, which have Re ≈ 400 and Ro =
0.045, were continued for over 250 turnover times, and
both have kΩ & 1800, much larger than the largest re-
solved wave number (i.e., all wave numbers in the simula-
tion are dominated by rotation). The difference between
these two simulations is in the isotropy (or anisotropy) of
the forcing function. While in both cases a random forc-
ing is used, in one case energy is injected isotropically in
all modes in the spherical shell with k = kF ≈ 40, while
in the other energy is injected mostly in the modes (in
the same spherical shell) that are close to the k⊥ plane
(i.e., preferentially into modes with small k‖, or the 2D
modes). A detailed analysis of anisotropic fluxes in [41]
shows that while in the former case this results in a trans-
fer of energy from the 3D modes to the 2D modes which
then drive the inverse cascade, in the latter case the en-
ergy that is fed directly into the 2D modes undergoes an
inverse cascade and then feeds the 3D modes once the en-
ergy accumulates at the largest available scale. Eventu-
ally, at sufficiently long times the energy accumulates in
both cases at the smallest available wave number, k = 1,
and energy then leaks from these modes towards the 3D
modes. The behavior of the systems at long times also
depends on whether large-scale friction is used or not.
Before this time, the changes in the energy fluxes (and
in the coupling between 2D and 3D modes) result in
two different scaling laws, with one case displaying spec-
tra E(k⊥) and e⊥(k⊥, k‖ = 0) ∼ k−3⊥ , and the other
with spectra E(k⊥) and e⊥(k⊥, k‖ = 0) compatible with
∼ k−5/3⊥ . These two scaling laws can be explained us-
ing phenomenological arguments similar to those used
by Kraichnan [41]. In the latter case, in which energy
is injected directly into the 2D modes, and in which lit-
tle energy goes into the 2D modes from the 3D modes,
we can assume that the inverse cascade in the slow 2D
modes is dominated by the turnover time τ⊥ ∼ l⊥/u⊥
(where l⊥ is a characteristic perpendicular length, and
u⊥ is the 2D r.m.s. velocity at that length scale). With
only one relevant timescale, Kraichnan phenomenology
for the inverse cascade tells us that the energy flux in the
2D modes goes as
Π2D ∼ u
2
⊥
τ⊥
∼ u
3
⊥
l⊥
, (40)
which results in a ∼ ǫ2/3k−5/3⊥ spectrum for the 2D modes
(assuming the energy injection rate at all modes ǫ and the
2D energy flux Π2D are proportional).
On the other hand, if the forcing is isotropic and energy
goes from the 3D modes to the 2D modes, interactions
with the 3D modes cannot be neglected. Besides the slow
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FIG. 2: (a) Reduced perpendicular energy spectrum
E(k⊥) and perpendicular kinetic energy in the 2D modes
e⊥(k⊥, k‖ = 0) in a simulation of rotating turbulence forced
at small scales with random isotropic forcing. The inset illus-
trates how the forcing acts over the spherical shell in Fourier
space; energy is transfered first towards the 2D modes and
then develops an inverse cascade. (b) Same for a simula-
tion with anisotropic forcing. The inset illustrates how the
energy that is injected directly into the 2D modes has an in-
verse cascade, and then it is transferred towards 3D modes
as accumulation of energy at large scales saturates. In both
figures power laws are shown as a reference (see [41] for more
details). (c) Energy spectrum of 2D motions e⊥(k⊥, k‖ = 0)
compensated by ǫ2/3k
−5/3
⊥ in the run with random isotropic
forcing, and by ǫΩU−2k−3⊥ (where U is the r.m.s. velocity
at the forcing scale) in the run with anisotropic forcing. The
amplitudes of both spectra when compensated (i.e., the “Kol-
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turnover time τ⊥, we now have to consider the time scale
of the waves (which is the fastest time scale for many
of the 3D modes), and which we can estimate as τΩ ∼
1/Ω. Using Kraichnan phenomenology for interactions of
waves and eddies [88], we can assume that the non-linear
transfer will be slowed down by a factor proportional
to the Rossby number, i.e., to the ratio of time scales
between the wave period and some non-linear turnover
time. Then,
Π2D ∼
(
u2⊥
τnl
)(
τΩ
τnl
)
∼ u
2
⊥
Ωτ2nl
. (41)
Assuming again Π2D is proportional to ǫ, and if the
turnover time in the above expression is built upon the
velocity at the forcing scale U (i.e., τnl ∼ l⊥/U , assum-
ing most of the energy in the 2D modes comes directly
from the 3D forced modes), this relation results in a spec-
trum ∼ ǫΩU−2k−3⊥ for the 2D modes [41]. Figure 2(c)
shows the spectrum of 2D modes in the simulations with
isotropic and with anisotropic random forcing compen-
sated by their corresponding expressions. In both cases,
the compensated spectra have amplitudes close to unity
in the inverse cascade range. In comparison, the Kol-
mogorov constant for the classical 2D inverse cascade is
in the range ≈ 5.5 – 7 [96], although in some experiments
its value was also reported to depend on the rate at which
energy was extracted at large scales [97].
B. Stratified case
A detailed study of the effect of the forcing on the de-
velopment and growth of large scales in stratified flows
(as well as in rotating and stratified flows) is still par-
tially missing. For the sake of simplicity, from here on we
will consider either isotropic forcing functions, or Taylor-
Green forcing which does not inject energy directly into
2D modes, and which for the rotating case was shown to
give an inverse cascade with the same scaling as isotropic
forcing [41].
Figure 3 shows the isotropic energy spectrum in a
10243 simulation of a purely stratified flow with Re ≈
1000 and Fr = 0.04 (f = 0 as there is no rotation,
and the Ozmidov wavenumber is kOz ≈ 510, larger
than the largest resolved wave number in the simulation
1024/3 ≈ 341; see [60, 64] for more details). The flow is
forced at kF ≈ 40 so there is room at small wave num-
bers for an inverse cascade to develop. Instead, what we
observe is that energy grows at wave numbers k < kF ,
but with a flat spectrum in this range.
In the purely stratified case there is growth of energy at
large scales as energy piles up into VSHW, i.e., modes for
the horizontal velocity with k⊥ ≈ 0 and with strong ver-
tical gradients [37]. However, this growth is not accom-
panied by a negative constant energy flux in a wide range
of scales as expected for an inverse cascade [39, 40, 60].
Instead, the isotropic energy flux tends to be small at
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FIG. 3: (Color online) Isotropic kinetic energy spectrum in a
10243 simulation of a stably stratified flow (f = 0, i.e., with-
out rotation), and in two 10243 simulations of rotating and
stratified flows with the same Froude number and different
Rossby numbers (see [60] for details). Note the growth of en-
ergy at wave numbers smaller than the forcing wavenumber
kF ≈ 40 in the two latter simulations, and the flat spectrum at
the same wave numbers in the former case. A ∼ k−5/3 power
law is indicated as a reference. The inset shows the spectrum
of the two simulations with rotation and stratification com-
pensated by ǫ2/3k−5/3. The amplitude of the compensated
spectra in the flat range (i.e., the “Kolmogorov constant”)
is ≈ 1.3. Note this value is smaller than the Kolmogorov
constant for the classical 2D inverse cascade ≈ 5.5 – 7 [96].
large scales (small wave numbers), while the parallel en-
ergy flux becomes negative and the perpendicular energy
flux becomes positive [60]. In other words, the growth
of energy at large scales is not the result of a self-similar
cascade but rather of a very strong anisotropization of
the flow. Candidates for the generation of the VSHW
include resonant triads [37] and absorption of waves by
critical layers [46].
C. Rotating and stratified case
As explained in the introduction and in Sec. II, the
inverse Prandtl ratio N/f is expected to play an im-
portant role controlling the different regimes of the in-
verse cascade in rotating and stratified flows. At this
point, we know that while in the purely rotating case
(N/f → 0) there is an inverse cascade, in the purely
stratified case (N/f → ∞) there is none. Although a
priori a monotonous decrease of the strength of the in-
verse cascade could be expected between these two limit
cases, the non-monotonicity in the strength of the reso-
nant interactions with N/f suggests there can be a dis-
tinct behavior in the range 1/2 ≤ N/f ≤ 2.
This problem was considered in detail in [64], where a
parametric study of the inverse cascade was done varying
N/f in a large set of numerical simulations with spatial
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FIG. 4: (Color online) (a) Kinetic energy as a function of
time in several 10243 simulations of rotating and stratified
turbulence. The thick lines correspond to purely rotating or
purely stratified simulations. The thin lines correspond to
rotating and stratified runs. The two runs in the range 1/2 ≤
N/f ≤ 2 have the fastest growth of EV (t). (b) Average in
time growth speed σ = dEV /dt of the kinetic energy as as a
function of N/f for two sets of simulations: one with fixed
Ro = 0.08 and varying Fr, and another with fixed Fr = 0.04
and varying Ro. The range 1/2 ≤ N/f ≤ 2, which displays
the fastest growth, is indicated by the gray shading (see [64]
for more details).
resolutions with up to 10243 grid points and Reynolds
numbers up to ≈ 1000. Figure 3 shows the isotropic ki-
netic energy spectrum for two 10243 runs of rotating and
stratified flows forced at small scales with fixed Froude
number (Fr = 0.04) and two different Rossby numbers
(Ro = 0.08 and 0.16). Unlike the purely stratified case,
both simulations display growth of energy at large scales,
negative energy flux (not shown here), and a spectrum
compatible with a ∼ k−5/3 power law at small scales.
The simulation with Ro = 0.08 shows a larger peak of
the energy spectrum, taking place at smaller wave num-
bers (k ≈ 4). As both spectra are displayed at the same
time, this indicates that the inverse cascade is faster in
this simulation (which has N/f = 2), compared with the
simulation with Ro = 0.16 which has N/f = 4.
The results of the detailed parametric study of the ef-
fect of varying N/f on the inverse cascade is summarized
in Fig. 4. Figure 4(a) shows the kinetic energy as a func-
tion of time, EV (t), for several simulations with vary-
ing Ro and Fr numbers. The simulations are forced at
TABLE I: Parameters of the 5123 simulations in Secs. IV
and V: N is the Brunt-Va¨isa¨la frequency, f is the Coriolis
frequency, Fr is the Froude number, Ro is the Rossby number,
ǫ is the energy injection rate, kOz is the Ozmidov wavenumber,
and kΩ is the Zeman wavenumber (the maximum resolved
wavenumber in 5123 runs is 512/3 ≈ 170).
Run N f Fr Ro ǫ kOz kΩ
1 0.25 1 0.8 0.2 0.01 1.2 10
2 0.5 1 0.4 0.2 0.01 3.5 10
3 2 1 0.1 0.2 0.01 28 10
4 5 1 0.04 0.2 0.01 112 10
5 0.5 2 0.3 0.075 0.005 5 40
6 1 1 0.2 0.2 0.02 7 7
7 4 8 0.08 0.04 0.007 95 270
8 8 4 0.05 0.1 0.003 413 146
small scales and started from random initial conditions at
wave numbers k > kF (where kF is the forcing wavenum-
ber). First the energy decays as the system develops a
turbulent spectrum, and after ≈ 5 turnover times two
regimes can be observed. In the simulation without ro-
tation (f = 0), EV (t) remains approximately constant.
In the simulation without stratification (N = 0), energy
grows monotonously in time. The same happens in the
rotating and stratified cases, but the two simulations with
N/f = 1/2 and N/f = 2 display the fastest growth of
the energy.
A parametric study of this growth speed as a function
of N/f for multiple runs is shown in Fig. 4(b). Two sets
of simulations are shown, one with fixed Ro and vary-
ing N/f by varying the Fr number, and another with
fixed Fr and varying Ro. In all cases, simulations with
1/2 ≤ N/f ≤ 2 display the fastest growth of the energy.
In [64] it was shown that this growth corresponds to a
growth of the energy in 2D modes at large scales, and
that it is caused by an inverse energy cascade with con-
stant (and negative) energy flux which also takes maxi-
mum values in the range 1/2 ≤ N/f ≤ 2. In [64] it was
thus speculated that the larger efficiency of the inverse
cascade in this range was associated with the absence of
resonant interactions and the prevalence of QG behav-
ior in this region of parameter space. In the rest of this
paper we will consider new simulations and analysis to
confirm this is indeed the case.
IV. QUASI-GEOSTROPHIC BEHAVIOR
For the analysis in this section and in the next, we
performed a new set of simulations of rotating and strat-
ified turbulence. As in Sec. V we will perform a spatio-
temporal analysis of the data to extract the strength of
the waves (which requires storage of the data with very
high cadence in time), we will only be able to consider
moderate spatial resolutions. Therefore, while simula-
tions in the previous sections had spatial resolutions of
10243 grid points or larger, simulations in the next two
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FIG. 5: Detail of the direct cascade inertial range in the
isotropic spectra of kinetic energy EV , power spectrum of
temperature fluctuations EP , and total energy E, in sev-
eral 5123 simulations of rotating and stratified turbulence,
all forced at kF ≈ 3 and with Ro ≈ 0.2. (a) Fr = 0.8,
N/f = 1/4 (run 1), (b) Fr = 0.4, N/f = 1/2 (run 2), (c)
Fr = 0.1, N/f = 2 (run 3), and (d) Fr = 0.04, N/f = 5 (run
4). Several power laws are shown as references.
sections will consist of two large datasets of runs with
2563 and 5123 grid points. As in the previous sections,
we will explore parameter space by considering multi-
ple values of Fr, and for each of these values we will
vary Ro to explore the effect of changing N/f . Over-
all, we performed 15 simulations with 2563 grid points
with Re ≈ 800, 0.02 . Fr . 1.8 (0.1 ≤ N ≤ 10),
0.04 . Ro . 0.3 (0.6 ≤ N ≤ 8), and 0.1 . N/f . 10,
and one simulation without rotating nor stratification
(f = N = 0). We also performed 8 simulations with
5123 grid points with Re ≈ 1500, 0.05 . Fr . 0.8,
0.04 . Ro . 0.2, and 0.25 . N/f . 5. The parameters
and characteristic wave numbers for these 8 simulations
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FIG. 6: (Color online) Detail of the direct cascade inertial
range in the isotropic spectrum of kinetic energy EV (k), re-
duced perpendicular spectrum of kinetic energy EV (k⊥), and
reduced parallel spectrum of kinetic energy EV (k‖), for two
5123 simulations of rotating and stratified turbulence forced
at kF ≈ 3 with Ro ≈ 0.2. (a) Fr = 0.8, N/f = 1/4 (run 1),
and (b) Fr = 0.04, N/f = 5 (run 4). Several power laws are
shown as references.
are given in detail in Table I.
Also, as resolution in these simulations is limited, we
forced the flow at much larger scales leaving very little
room for the growth of energy at large scales. We thus
use Taylor-Green forcing [98] acting at kF = 3
√
2 ≈ 3.
Large scale forcing is required as one of our goals will be
to identify the role of the waves at small scales, but it will
force us to complement the results in these sections with
the results in the previous sections where time resolution
was not as good, but the inverse cascade ranges were
better resolved. To study both ranges separately is a
common practice in geophysical fluid dynamics due to
constraints in computing power, as only very recently
simulations were able to resolve dual cascades in a unique
simulation at very high resolution [99].
Figure 5 shows a detail, in the vicinity of the inertial
range, of the isotropic energy spectrum E(k) for four 5123
runs with Ro ≈ 0.2 and varying Fr (and therefore, vary-
ing N/f). Power laws ∼ k−2 and ∼ k−3 are shown as
references. Also as a reference we present a best fit to a
power law in the range of scales k ∈ [kF , k1/2], where k1/2
is the wave number at which the energy flux drops to 1/2
of its value at the injection scale, i.e., Π(k1/2) = Π(kF )/2.
This fit is not intended to claim a specific power law fol-
lowed by the inertial range, as the value of 1/2 used to
define the drop in the flux is arbitrary, but rather to
illustrate that as N/f increases, the energy spectrum be-
comes steeper, going from the behavior expected for a
purely rotating flow (∼ k−2) to that of a purely strati-
fied flow (∼ k−3). This can be also understood from the
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FIG. 7: Ratio of the spectra E(k⊥)/E(k) (solid) and
E(k‖)/E(k) (dash-dotted) for several 256
3 simulations of
rotating and stratified turbulence forced at kF ≈ 3 with
Ro ≈ 0.2. (a) Fr = 0.8, N/f = 1/4, (b) Fr = 0.4, N/f = 1/2,
(c) Fr = 0.1, N/f = 2, and (d) Fr = 0.04, N/f = 5.
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FIG. 8: Isotropic energy flux Π(k) (solid), perpendicular en-
ergy flux Π(k⊥) (dashed), and parallel energy flux Π(k‖)
(dash-dotted) in several 5123 simulations of rotating and
stratified turbulence forced at kF = 3 with Ro ≈ 0.2. From
left to right and top to bottom: (a) Fr = 0.8, N/f = 1/4 (run
1), (b) Fr = 0.4, N/f = 1/2 (run 2), (c) Fr = 0.1, N/f = 2
(run 3), and (d) Fr = 0.04, N/f = 5 (run 4). The straight
lines and the circles indicate the wave number at which the
flux drops to 1/2 of its value at the forcing wave number
kF ≈ 3. Note that the largest negative isotropic and per-
pendicular fluxes (for k < kF ) are obtained in the case with
N/f = 2. The simulation with N/f = 5 has negative parallel
flux, but negligible isotropic and perpendicular inverse fluxes
at large scales.
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FIG. 9: (Color online) Ratio of the perpendicular to parallel
integral scales
〈
L⊥/L‖
〉
(averaged over time in the turbulent
steady state) as a function of N/f for several 2563 and 5123
simulations of rotating and stratified turbulence with varying
Ro and Fr numbers. The range with no resonant interactions,
1/2 ≤ N/f ≤ 2, is indicated by the gray shading. In this
range, a linear fit of
〈
L⊥/L‖
〉
as a function of N/f (expected
from quasi-geostrophy) is shown as a reference.
values of the Zeman and Ozmidov wavenumbers in Table
I. In Fig. 5(a), which corresponds to run 1, kOz ≈ 1.2
and all intermediate wave numbers are dominated by ro-
tation, at least until kΩ ≈ 10. As the Brunt-Va¨isa¨la
frequency is increased, the Ozmidov wavenumber also in-
creases, and more scales are dominated by both rotation
and stratification. The energy spectrum of run 4, shown
in Fig. 5(d), corresponds to kOz ≈ 112 and kΩ ≈ 10.
Thus, in this case stratification is dominant at all scales.
Also, note that a small growth of energy at wave numbers
k < kF can be observed in some of these runs. Although
the scale separation at large scales (small wave numbers)
in these runs is small to study the inverse cascade, in-
verse transfer can be observed, as will be also shown in
the energy fluxes.
Figure 6 shows the isotropic and reduced parallel and
perpendicular spectra of the kinetic energy for two of the
simulations shown in Fig. 5. Again, power laws and best
fits to the spectrum are shown as references. While in the
inertial range for the case with N/f = 1/4 the reduced
perpendicular spectrum E(k⊥) is closer to the isotropic
spectrum E(k), in the case with N/f = 5 the reduced
parallel spectrum E(k‖) is closer to E(k). In other words,
in the case with stronger rotation most of the energy
seems to accumulate near modes with k‖ ≈ 0, while in
the case with stronger stratification energy accumulates
near modes with k⊥ ≈ 0.
This is further illustrated in Fig. 7, which shows the
ratios E(k⊥)/E(k) and E(k‖)/E(k) for several simula-
tions with varying N/f . For N/f < 1 and for k > kF ,
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FIG. 10: (Color online) Spatio-temporal power spectra
|ux|
2(kx, ky , kz, ω) and |uz|
2(kx, ky , kz, ω) for a 512
3 simula-
tion of rotating and stratified turbulence with Fr = 0.3, Ro =
0.075 (N/f = 1/4, run 5 in Table I). Two-dimensional slices of
each four-dimensional spectrum are shown by fixing two com-
ponents of the wave vector. (a) |ux|
2(kx = 0, ky = 0, kz, ω),
(b) |ux|
2(kx = 3, ky = 0, kz, ω), (c) |uz|
2(kx, ky = 0, kz =
0, ω), and (d) |uz|
2(kx, ky = 0, kz = 3, ω). The solid lines indi-
cate the dispersion relation of inertia-gravity waves, ωI-G(k),
and of sweeping, ωs(k).
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FIG. 11: (Color online) Spatio-temporal power spectra
|ux|
2(kx, ky, kz, ω) and |uz|
2(kx, ky , kz, ω) for a 512
3 simula-
tion of rotating and stratified turbulence with Fr = 0.08, Ro =
0.04 (N/f = 1/2, run 7 in Table I). Two-dimensional slices of
each four-dimensional spectrum are shown by fixing two com-
ponents of the wave vector. (a) |ux|
2(kx = 0, ky = 0, kz, ω),
(b) |ux|
2(kx = 3, ky = 0, kz, ω), (c) |uz|
2(kx, ky = 0, kz =
0, ω), and (d) |uz|
2(kx, ky = 0, kz = 3, ω). The solid lines indi-
cate the dispersion relation of inertia-gravity waves, ωI-G(k),
and of sweeping, ωs(k).
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the ratio E(k⊥)/E(k) is of order one in a wide range of
wave numbers, while E(k‖)/E(k) decreases rapidly with
increasing wave number. On the other hand, for N/f > 1
the ratio E(k‖)/E(k) remains of order one in a range of
wave numbers with k > kF , while E(k⊥)/E(k) decreases
rapidly. The simulations in this figure have the same
Ozmidov and Zeman wave numbers [51, 72–74] as runs
1 to 4 in Table I. While for Fig. 7(d) kOz ≈ 112 and the
Zeman wavenumber is not resolved (which is compatible
with the larger separation between the two ratios at small
scales), in all other cases kOz and kΩ are resolved.
Figure 8 shows the energy fluxes (isotropic, parallel,
and perpendicular) in the same four simulations as in
Fig. 5. Note that besides the positive flux for k > kF ,
there is a small backtransfer with negative flux towards
large scales for k < kF . Just as in the results shown in the
previous section, with larger scale separation and a clear
inverse cascade, here the amplitude of the net negative
flux is not monotonic with N/f , and it becomes larger in
the run with N/f = 2. As a comparison, the run with
N/f = 1/4 shows a smaller inverse flux, and the run with
N/f = 5 shows a larger inverse parallel flux but negligible
isotropic and perpendicular inverse fluxes. In the latter
case, and when larger scale separations are considered,
this is just the result of a very anisotropic flux at large
scales that results in the formation of VSHW [60].
We can now use these simulations to study the role
of triadic interactions in the cascade, as well as the role
of waves and slow modes as we vary N/f . We start by
considering anisotropy and the scaling of typical length
scales, as done before by other authors [20, 39, 40, 100],
to then present spatio-temporal analyses in the next sec-
tion. We must then define first parallel and perpendicu-
lar characteristic length scales, which can be easily done
from the reduced energy spectra:
L⊥ = 2π
∑kmax
k⊥=1
E(k⊥)/k⊥∑kmax
k⊥=1
E(k⊥)
, (42)
L‖ = 2π
∑kmax
k‖=1
E(k‖)/k‖∑kmax
k‖=1
E(k‖)
, (43)
where these scales correspond just to an extension of
the usual isotropic integral scale to the anisotropic case.
Here, kmax is the maximum resolved wavenumber in the
simulation, which for pseudospectral simulations using
the 2/3-rule for dealiasing correspond to kmax = Nl/3
with Nl the linear grid resolution.
Figure 9 shows the ratio of these two scales (averaged
in time) as a function of N/f for several runs. In agree-
ment with what we observed in the anisotropic spectra
(Fig. 7), the ratio
〈
L⊥/L‖
〉
goes from values smaller than
one for N/f < 1, reaches
〈
L⊥/L‖
〉 ≈ 1 for N/f ≈ 1, and
becomes larger than one for N/f > 1, apparently satu-
rating for large values of N/f . Moreover, this behavior
is independent of the value of f (i.e., of the Froude num-
ber) as all runs seem to collapse to the same curve. But
note also that there is a range of N/f for which
〈
L⊥/L‖
〉
seems to scale linearly with N/f , and which seems to be
in agreement with the region indicated in all previous
figures corresponding to the range in which there are no
resonant interactions, 1/2 ≤ N/f ≤ 2. In this region
QG modes are expected to dominate, whereby the linear
relationship can be expected from Charney’s argument
[20] that a turbulent QG flow is isotropic in the re-scaled
coordinate (N/f)z, which implies a linear relation for the
vertical integral scale L‖ ∼ (f/N)L⊥, or equivalently〈
L⊥
L‖
〉
= A
N
f
+B. (44)
In Fig. 9 we also show a best fit for this relation to our
data. This scaling was reported before in numerical sim-
ulations of QG turbulence [100], where the authors found〈
L⊥/L‖
〉 ≈ 1.3(N/f), and also recently observed in sim-
ulations of freely decaying stratified turbulence [62]. As
our definitions of the vertical and parallel length scales
are not equivalent to those used in [100], the prefactor
cannot be directly compared. But in both cases it is
remarkable that a linear relation holds, specially in the
1/2 ≤ N/f ≤ 2 range in our case. Outside this range,
the limits of pure rotation and pure stratification are of
interest. For pure rotation
〈
L⊥/L‖
〉
is of order unity,
as L‖ ≈ 2π as a result of the formation of column-like
structures and as L⊥ approaches 2π as the result of the
inverse cascade of energy. For a purely stratified flow the
ratio depends on the Froude number (or on N), in rea-
sonable agreement with Billant and Chomaz scaling [78]
which states that L‖ ≈ U/N .
V. SPATIO-TEMPORAL SPECTRUM
In this section we present the spatio-temporal spec-
trum of several of the simulations discussed in Sec. IV.
While extraction of waves and slow modes is often done
using normal mode decompositions of the frozen in time
fields in Fourier space [56, 101, 102], these approaches
are based on linearized equations and thus can mix
ageostrophic modes with balanced components of the
flow. Better identification of balanced modes can be
achieved using higher-order expansions of the equations
[62]. However, a precise separation of waves, mean winds,
and eddies requiere information resolved in space and in
time. In [103] we introduced the spatio-temporal spec-
trum as a way to do this decomposition, and showed
multiple applications including purely rotating [89] and
purely stratified flows [46]. The spatio-temporal spec-
trum was also used in recent laboratory experiments of
rotating turbulence to study inertial waves [104, 105].
The main objective of this section is to consider the
rotating and stratified case, in particular in the range
1/2 ≤ N/f ≤ 2, and to use the spatio-temporal spec-
trum to quantify the relevance of wave modes and of slow
modes. As discussed in Secs. III and IV, several effects in
this range are believed to be associated with a dominance
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FIG. 12: Measured dispersion of the energy around the theo-
retical dispersion relation of inertia-gravity waves, as a func-
tion of N/f for several 2563 and 5123 simulations of rotating
and stratified turbulence with varying Ro and Fr numbers.
The range with no resonant interactions, 1/2 ≤ N/f ≤ 2, is
indicated by the gray area. The dispersion for f = 1 takes its
maximum in this region. A few points for other values of f
are also shown.
of slow modes and a relatively less importance of wave
modes. The spatio-temporal spectrum will allow us to
explicitly verify this is the case. However, as computa-
tion of the spatio-temporal spectrum requires very high
temporal cadence, we will be able to do this analysis only
in the simulations with 5123 grid points.
Computation of the spatio-temporal spectrum is per-
formed by storing the Fourier coefficients of the fields
uk(t) and θk(t) with high temporal cadence (at least
twice the period of the fastest waves). For each Fourier
mode k, the Fourier transform in time of these quantities
results in uˆ(k, ω) and θˆ(k, ω), which measure the phase
and amplitude of each (k, ω)-mode in a four-dimensional
space. The spatio-temporal spectrum can then be com-
puted, e.g., for the kinetic energy, as
EV (k, ω) =
1
2
|uˆ(k, ω)|2. (45)
This spectrum quantifies the power in each wave vec-
tor k and frequency ω, where k and ω are independent.
In practice, waves, eddies, and other flow features satisfy
some known relation ω = ω(k), and thus accumulation of
energy over certain regions in the four-dimensional spec-
tral space can be used to quantify how much energy is
associated with these features. As an example, inertia-
gravity waves correspond to an accumulation of energy
in (k, ω)-modes satisfying
ω = ωI-G(k), (46)
where ωI-G is the dispersion relation given in Eq. (16).
From Eq. (18), advection of small-scale eddies by the
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FIG. 13: (Color online) Ratio of energy in modes with zero
frequency to the total energy as a function of N/f for several
2563 and 5123 simulations of rotating and stratified turbu-
lence with varying Ro and Fr numbers. The range with no
resonant interactions, 1/2 ≤ N/f ≤ 2, is indicated by the
gray area. Note that the ratio takes the largest values in this
region.
large-scale velocity U (i.e., sweeping) corresponds to the
accumulation of energy in (k, ω)-modes satisfying
ω . kU = ωs(k), (47)
as at each k all eddies larger than the eddy size ∼ 1/k
contribute to the Eulerian random sweeping. Doppler
shift by a mean wind W appears as a shift of these re-
lations by W · k [46]. A more detailed description of
detection of energetic features in a flow using the spatio-
temporal spectrum can be found in [103].
Detection of waves in the four-dimensional spatio-
temporal spectrum can be also simplified with some
knowledge of what components of the fields are affected
by the waves, depending on their polarization. For sys-
tems with N/f ≪ 1, rotation is dominant and inertia-
gravity waves reduce to inertial waves. Thus, in this case
we can look at the spectrum of ux as for inertial waves
the perturbation takes place in the plane perpendicular
to Ω. In contrast, for strongly stratified systems with
N/f ≫ 1 we should consider uz as this is the component
of the velocity that is coupled to the temperature fluctu-
ations in internal gravity waves. Thus, we consider the
power spectrum of both components to allow identifica-
tion of the waves as N/f is varied.
The spatio-temporal spectrum was computed for all
5123 simulations. Figures 10 and 11 show an illustration
of these spectra for the runs with N/f = 1/4 and with
N/f = 1/2 (this latter run in the range 1/2 ≤ N/f ≤ 2).
These correspond respectively to runs 5 and 7 in Table
I. As the spectrum is four-dimensional, for ux we show
slices for fixed values of kx and ky, and show the spectrum
as a function of kz and ω, while for uz we show slices
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for fixed values of ky and kz, and show the spectrum
as a function of kx and ω. The figures also indicate as
a reference the theoretical dispersion relation of inertia-
gravity waves, and the sweeping relation. The range of
wave numbers shown in the figures correspond in all cases
to wave numbers that should be dominated by waves, as
in both simulations at least kOz or kΩ is larger than the
maximum wave number considered. In run 5 (Fig. 10)
kOz ≈ 5 and kΩ ≈ 40, thus rotation and stratification
effects coexist for the smallest wave numbers, while for
wave numbers in the range 5 . k . 40 rotation should be
more relevant. In run 7 (Fig. 11) kOz ≈ 95 and kΩ ≈ 270
and inertia-gravity waves can be expected to be dominant
at all wave numbers.
As a rule, excitation of modes lying over the theoreti-
cal dispersion relation can be observed for wave numbers
such that the frequency of the waves is larger than the
frequency of sweeping (i.e., for modes for which the waves
are faster than the sweeping). This is to be expected as in
wave turbulence, the fastest time scale controls the decor-
relation of the modes [89]. But more interestingly, the
dispersion of the energy around the dispersion relation
of the waves varies with N/f . While the simulation with
N/f = 1/4 shows (for small wave numbers) a sharp con-
centration of energy around the relation ωI-G(k) (i.e., the
theoretical dispersion relation of inertia-gravity waves),
for N/f = 1/2 the dispersion of the energy around this
dispersion relation is much larger, and in some of the
figures energy is concentrated in modes that do not cor-
respond to wave excitations. Leaving aside the excitation
of these modes associated with turbulence, the broaden-
ing of the energy near the dispersion relation in Fig. 11
can have multiple origins. As already discussed, sweep-
ing results in broadening but it becomes dominant for
wave numbers such that ωs(k) > ωI-G(k). Near-resonant
and non-resonant wave interactions, which are expected
to become relevant for 1/2 ≤ N/f ≤ 2, also result in
broadening of the spectral peaks. Finally, eddy damping
and turbulent fluctuations generate spectral broadening.
Indeed, in this latter case weak turbulence theories and
two point closures indicate that the broadening ∆ω(k)
is proportional to the inverse of the non-linear coupling
time [87, 106, 107]. For strong turbulence this is the
eddy turnover time τnl given by Eq. (17). For an energy
spectrum E(k) between ∼ k−3 and ∼ k−2, this results in
∆ω(k) being independent of the wave number or growing
slowly as k1/2.
A detailed analysis of the spatio-temporal spectra for
all simulations is summarized in Figs. 12 and 13. Figure
12 shows the net dispersion of the energy around the
theoretical wave dispersion relation as a function of N/f
for all 5123 runs. The net dispersion, e.g., for the power
spectrum of the x component of the velocity, is computed
as
∆ω =
∑
k,ω |ω(k) − ωI-G(k)|2|ux(k, ω)|2∑
k,ω |ux(k, ω)|2
, (48)
and it corresponds to the the mean square differences
between ωI-G(k) and the actual data, weighted by the
spectral amplitude squared. As expected from the theo-
retical arguments, the maximum dispersion takes place in
the range 1/2 ≤ N/f ≤ 2, for which resonant interactions
vanish and either strong turbulence or near-resonant or
non-resonant interactions prevail, also confirming the ar-
guments in the previous sections. A few points for sim-
ulations with different values of f are shown, which (for
fixed N/f) show a smaller dispersion as f is increased ,
to be expected as dispersion should decrease (i.e., more
energy should be in the wave modes) as the strength of
rotation and stratification increases.
From this data we can also compute the amount of en-
ergy in slow modes, that is to say, in modes with zero
frequency. This is shown in Fig. 13, normalized by the
total energy, for all simulations. In the figure there is a
growth in this ratio in the region of non-resonant triads.
Increasing the value of f (and thus decreasing the Froude
number) seems to increase the ratio, thus augmenting the
amount of energy in modes with zero frequency. These
results are consistent with those reported in [40], where
Waite and Bartello observed, for Ro ≈ 10−1, a growth
in vortical energy as Ro decreases with fixed N . With
three different values of N (4, 8 and 16), they also con-
cluded that the ratio of vortical energy to total energy is
independent of the Rossby number. Our data, however,
shows a dependence on the value of Ro, with smaller Ro
resulting in more energy in the slow modes. The results
are also consistent with recent studies of freely decay-
ing stratified turbulence with varying Prandtl ratio [62],
where it was found that balance prevails in the flows for
N/f & 1. Finally, the trend of increasing energy in slow
modes with decreasing Rossby is compatible with obser-
vations of inverse cascades in laboratory experiments of
rotating flows [94] and with numerical studies in the low
Rossby number limit [84], while they seem to be incom-
patible with the expected decoupling of the slow modes
in that limit [95, 108]. This can be the result of finite-
domain effects in the numerical simulations [95], or the
result of higher-order corrections to the linear stability
theory [84].
VI. CONCLUSIONS
Inverse cascades play a central role in geophysical tur-
bulence, providing a mechanism for the formation of
large-scale structures and for the self-organization of dis-
organized flows. Since Kraichnan contribution, exten-
sions of his ideas to quasi-geostrophic turbulence, rotat-
ing flows, and rotating and stratified flows have been
developed as a way to better describe atmospheric and
oceanic processes. In this context, here we reviewed sev-
eral recent studies of inverse cascades in rotating and
stratified turbulence.
Special emphasis was put on reviewing the dependence
of scaling laws, anisotropy, and the strength of the inverse
cascade on the inverse Prandtl ratio N/f of the Coriolis
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frequency to the Brunt-Va¨isa¨la frequency. We showed
that while the anisotropy and the ratio of perpendicu-
lar to parallel length scales varies linearly with N/f (in
particular in the range 1/2 ≤ N/f ≤ 2), the strength of
the inverse cascade depends non-monotonically on this
parameter, with the inverse cascade being faster in this
range, and then decreasing monotonically as N/f is in-
creased.
This behavior can be explained by considering that in
the range 1/2 ≤ N/f ≤ 2 no resonant triadic interactions
between waves are available. Thus, quasi-geostrophic
motions are expected to dominate the dynamics. Pre-
vious studies (see, e.g., [39, 40, 55–57, 100]) have con-
firmed this by indirect measures, such as, e.g., normal
mode decomposition of frozen in time fields to separate
wave modes from slow modes, or higher-order expansions
of the equations to separate the flow in terms of balanced
and imbalanced components [62]. Here we presented a
new analysis based on fully resolved spatio-temporal in-
formation, using the spectrum as a function of the wave
vector and frequency to measure how much energy is ex-
cited in modes compatible with the dispersion relation of
the waves, and in the rest of the modes.
The simulations confirmed the linear scaling of the ra-
tio of the perpendicular to parallel velocity with N/f in
the range 1/2 ≤ N/f ≤ 2, and also showed that accumu-
lation of energy near wave modes in the spatio temporal
spectrum is minimal in this range, while energy in slow
modes becomes larger. This is in good agreement with
previous results using different methods for the analy-
sis, and sheds new light on reasons for the fast inverse
cascade of 3D rotating and stratified turbulent flows re-
ported previously in [64].
Fifty years after the paper by Kraichnan on inverse cas-
cades in two dimensional flows [1], there remains much
to be done to understand turbulent phenomena in the
real world. The study of inverse cascades in more real-
istic scenarios has just started, and the previous works
reviewed here, as well as the new results, consider small
Reynolds numbers, periodic boundary conditions, or in-
finite domains which put them far away from real ap-
plications. As in the paper written by Kraichnan and
Montgomery [2], it is however our hope that some of the
results of these studies can be translated to atmospheric
and oceanographic problems. Recent studies considering
observations in the atmosphere and the ocean (see, e.g.,
[29–31] and references therein) seem to indicate that in-
deed the gap between idealized simulations and real mea-
surements of the inverse cascade can be bridged.
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